We derive the uncertainty principle for a Dirac fermion in a torsion field obeying the Hehl-Datta (HD) equation. We first discuss that there should be a correction factor to the Heisenberg uncertainty principle (HUP) when torsional effects are taken into consideration. We then derive the uncertainty relation from a solitary wave solution of the HD equation in 1+1 dimensions. We find that the results agree with the generalized uncertainty principle (GUP). We then introduce the unified length scale L CS (which unifies Compton wavelength and Schwarzschild radius) into the HD equation and see how the probability density of the solution transforms for particles of different masses.
Introduction
The background space-time of Einstein's general theory of relativity (GR) is formulated on a Riemannian manifold (V 4 ) which is torsion-less. If in this space-time continuum, spin angular momentum is introduced and distributed continuously, then torsion is produced. The space-time is now a U 4 manifold. In this paper, we consider a coupling of Dirac field on U 4 manifold. Hence the matter field will be represented by a four-component spinor written as:
where P A and Q B are two dimensional complex vectors in C 2 space. We redefine the spinors as: P 0 = F 1 , P 1 = F 2 , Q 1 = G 1 and Q 0 = −G 2 . This is in accordance with [1] and [2] .
The Dirac equation on U 4 manifold becomes non-linear, and is known as the Hehl-Datta (HD) equation derived in [3] , which is given by:
where L P l is the Planck length and λ C is the Compton wavelength.
Generalized uncertainty principle
The Heisenberg uncertainty principle states that it is impossible to know simultaneously the exact position and momentum of a particle. Mathematically, it is given by the inequality:
(∆z)(∆p) ≥ 2 (3) where is the Planck's constant, ∆z and ∆p are position and momentum dispersion operators respectively. This principle holds good in the regime l < L P l , for some length l. Two main length scales in relativistic physics are the Compton length λ C = M c , corresponding to the uncertainty principle and the Schwarzschild radius R S = 2GM c 2 corresponding to the existence of black holes. These two lines when plotted as a function of M intersect at Planck scales m P l and L P l . As one approaches the Planck length from the left, it has been proposed [4] - [9] , that there must be a correction term in the uncertainty principle, due to considerations of gravitational interactions between the particles, which takes the form:
where L P l is the Planck length which is of the order 10 −35 m, α is a dimensionless constant which depends on the particular model and the factor of 2 in the first term has been dropped. This is known as the generalized uncertainty principle. Deriving the uncertainty principle from Schrödinger equation by calculating the position and momentum dispersion operators from the wave packet solution gives us HUP. Similar is the case for Dirac equation which is given by:
We notice that in the Hehl-Datta equation, there is one extra term which comes due to the effect of torsion field on the manifold. While computing the uncertainty principle for this equation, it is expected that there must be some correction factor which accounts for this field of torsion.
Notations and Conventions
The following conventions are in use for the remainder of this paper:
• Space-time endowed with torsion is specified by U 4 and V 4 is a non-torsional space-time.
• In the standard theory, the Planck length is given by:
and half Compton wavelength is:
• A unified length scale L CS in quantum gravity
Recent works [7] and [11] have provided motivation for unifying the Compton wavelength λ C = M c and Schwarzschild radius R S = 2GM c 2 of a point particle with mass M into one single length scale, the Compton-Schwarzschild length(L CS ). Such a treatment suggests us to introduce torsion, and relate the Dirac field to the torsion field. This modified theory is given by: l 1 = l 2 = L CS . So our HD equation becomes:
A non-static solution in 1+1 dimensions of the HD equation
The HD equation on U 4 in Cartesian coordinate system (ct, x, y, z) given in [2] is as follows:
These equations are compared and contrasted with the torsionless Dirac equations in [1] , and then we see that the impact of torsion is to include the term aξ on the right hand side of (10) and (11) , and aξ * in (12) and (13). Now, let us assume the ansatz of the form F 1 = G 2 and F 2 = G 1 and further assume that the Dirac states are a function of only t and z. The four equations in Cartesian coordinates (10) -(13), reduce to the following two independent equations,
where ψ 1 = F 1 + F 2 and ψ 2 = F 1 − F 2 . We use the following solitary wave ansatz:
where A(z) and B(z) are real functions. Substituting in (14), we obtain that [2] :
The probability density is given by the zeroth component of the four-vector fermion currentJ 0 = ψγ 0 ψ = ψ † ψ = (|A| 2 + |B| 2 ).
We define the following dimensionless variables:
Scaled thus, A(q) and B(q) take the form:
The probability density is given by:
Six unique cases (corresponding to the value of w) which give different solutions have been studied in [2] , of which the case w ∈ (0, 1), contains no singularities anywhere thus giving us a physically viable solution. Two sub-cases were considered: (a) with w ∈ (0, 1 2 ) and (b) with w ∈ [ 1 2 , 1). (a) has a local minimum at the origin and two global maxima symmetric around the origin at non-zero q. This is given by the blue wave-function in Fig. 1 . On the other hand, (b) has a global maxima at the origin and monotonically decays to zero at infinity. This is shown by the orange and green wave-functions in Fig. 1 .
The case w = 0 produces an unphysical solution and w = 1 gives us a trivial solution. This is shown in Fig. 2 
To compute the uncertainty relation, we find the expectation values of q, q 2 , p and p 2 , wherê
The Gaussian is symmetric with the z axis. Therefore, q = 0
The solution for this integral gives us a conditional expression which assumes all the values of w, real and complex. But since we know that the HD equation produces physical solutions only for w ∈ (0, 1), w, satisfies all the conditions and thus our answer is of the form:
Li n (x) is a poly-logarithm function also known as Jonquière's function which is of the form:
The dispersion of position operator is:
Given in Fig. 3 is the graph of ∆q vs w. Now moving on to the momentum operator given byp = −i ∂ ∂q ,
p is zero because it is an integral of odd function from −∞ to ∞.
Since the function is an even function, the integral finally becomes,
Evaluation of the individual integrals gives us:
The dispersion of momentum operator is thus,
The graph for ∆p vs w is given in Fig. 4 0 The uncertainty relation is:
Let −f (w)g(w) = h 2 (w). The generalized uncertainty principle is obtained as:
. We can hence say that HUP is an approximation of GUP. This happens when h(w) = 1 or β(w) = 0. Let us call β(w) as the constant of GUP. The graph for these functions is given in Fig.  5 and 6 respectively. 
Checking for different values of w
We are considering that w lies in the range (0, 1). Let us take 0. Table 1 : Values of functions f (w), g(w), h(w), α(w), β(w)
A graph for ∆q vs ∆p has been given in Fig. 7 . This is similar to the figure given in [7] . 
Modified length scale
A relativistic particle of mass m has two length scales associated with it: the half compton line, λ C = 2M c and Schwarzschild radius, R S = 2GM c 2 . The particle either obeys the relativistic Dirac equation or the field equations of general relativity. This is known experimentally. But theoretically however, both these concepts hold for objects of all masses. The Dirac equation experimentally holds for particles with masses m m P l (λ C L P l ), and field equations of GR holds for m m P l (R S L P l ), where m P l is Planck mass having a value of about 10 −8 kg. There is a need for one universal length such that it always stays higher than Planck length, because it is the smallest meaningful length, which limits to λ C in the Planck regime and R S in the classical regime. This Compton-Schwarzschild length, L CS introduced in [7] , [8] and [10] is given in the following form:
This can also be written as,
L CS takes the value λ C for m m P l and R S for m m P l . Now, in our theory, l 1 = l 2 = L CS , the modified HD equation given in (9) . This implies, b(l 2 ), takes the form:
Thus, w in the standard theory which was − Λ √ 2b denoted by w s , now takes the form,
Substituting this in (52), we get,
Thus, we get our modified w to be of the form,
where, R S = 2GM c 2 , the gravitational constant G = 6.674 × 10 −11 N m 2 /kg 2 , L P l 1.6 × 10 −35 m. As η → 0, i.e, M m P l , w m → w s , the standard value for which the GUP form is already derived. Now, as M m P l , η > 1. Let us take an example. Suppose M = 10 −7 kg, then η = 85.9226. If we consider w s = 0.001, which produces a double-headed wave with local minima at the origin, w m takes the value 0.869226 which produces the wave to give global maxima at the origin. Fig. 8 depicts this tranformation. Figure 8 : In both these graphs, we have taken the mass of the particle to be a little over Planck mass i.e., 10 −7 kg. In graph (A), according to the standard length scale, when w s = 0.001, the probability density has a minima at the origin. Transforming this standard w s to modified according to (56), w m = 0.869226. The probability density of this graph (B) has a maxima at the origin.
Let us now understand how the probability distribution changes when M = m P l = 2.2×10 −8 kg. This is explained in Fig. 9 . We see that at m P l , the probability distribution when w s = 0.1, is a double-headed wave function which transforms to a wave functions having maxima at the origin using the formula of modified w. Now, suppose we take the value of M to be quite large, say the mass of the Sun, w s value must be extremely small of the order 10 −77 in order to get a physical solution in terms of w m . Fig. 10 explains this. Figure 10 : M = mass of the Sun. We can deduce that as M → ∞, w s → 0. w m = 0.67 for this particular standard w value
The above transformations of the probability density can be seen for M ≥ m P l . Those values of w s that produced double-headed wave solutions with minima at the origin, upon introducing the modified length scale L CS , now produces viable solutions with maxima at the origin.
